This paper presents a numerical procedure for fracture of brickwork masonry based on the strong discontinuity approach. The model is an extension of the cohesive model prepared by the authors for concrete, and takes into account the anisotropy of the material. A simple central-force model is used for the stress versus crack opening curve. The additional degrees of freedom defining the crack opening are determined at the crack level, thus avoiding the need of performing a static condensation at the element level. The need for a tracking algorithm is avoided by using a consistent procedure for the selection of the separated nodes. Such a model is then implemented into a commercial code by means of a user subroutine, consequently being contrasted with experimental results. Fracture properties of masonry are independently measured for two directions on the composed masonry, and then input in the numerical model. This numerical procedure accurately predicts the experimental mixed-mode fracture records for different orientations of the brick layers on masonry panels.
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angle between first principal stress direction and bed joints direction in the masonry cr/ first principal stress er y normal stress to the arbitrary direction (which forms an angle y with bed joints) 1 direction of the bed joints of masonry 2 direction of the head joints of masonry I first principal stress direction II second principal stress direction Abbreviations CMOD crack mouth opening displacement EAS enhanced assumed strain method FE finite element FEM finite element method SDA strong discontinuity approach TPB three point bending modelling of the masonry can be performed with different levels of abstraction, from a detailed representation of bricks, mortar and joints [7, 30 ] to a global analysis as an isotropic or anisotropic continuum [29, [31] [32] [33] .
The grade of refinement is directly related with the problem being analysed. A micro-modelling approach [22, [33] [34] [35] is useful for detailed analysis of the masonry failures on a small size structural element. Bricks, mortar and interfaces between mortar and brick are separately represented. The non-linear behaviour of the interfaces has been studied in detail by means of such models [36, 37] , as well as the individual fracture of mortar and bricks [22] . However, the failure analysis of large and geometrically complex structures using these models is usually unfeasible. The modelisation of the structure is highly time consuming, in addition to some of the parameters of the material needed for computation being quite difficult to measure in real (especially ancient) buildings. Homogenisation techniques [10, 34, [38] [39] [40] [41] [42] are extremely useful in the numerical analysis of these problems and reduce the computational cost, though certain practical difficulties do remain.
A meso-modelling approach represents a complementary way to model the masonry fracture [8, 14, 24, 27, [42] [43] [44] . Such an approach is promising for large masonry structures, in which detailed modelling of brick and mortar leads to an expensive and unfeasible analysis. This paper presents a meso-mechanical procedure for the analysis of mixed-mode fracture of brick masonry based on the cohesive crack model embedded in a finite element. Focussed on the material, the model does not make any distinction between masonry units (bricks), mortar and joints, averaging the effect of the composite material through the formulation of a fictitious continuous material. The material is assumed to be homogeneous and anisotropic.
The embedded cohesive crack model has been successfully used for mixed-mode fracture of concrete and mortar [45] [46] [47] 53] , which are considered homogenous and isotropic materials at meso-level approach. In this work the model is extended to anisotropic materials, like brick masonry.
The SDA [48] has successfully completed the two main conventional approaches, based on the FEM, to fracture of concrete and quasi-brittle materials: the smeared crack and the discrete crack. In contrast to the smeared crack model, in SDA the fracture zone is represented as a discontinuous displacement surface. In comparison with the discrete crack approach, in SDA the crack geometry is not restricted to the inter-element lines, as the displacement jumps are embedded in the corresponding finite element displacement field. A comparative review of the various approaches to the embedded crack concept is presented byjirasek [49] .
Embedding discontinuous displacements in the element formulation is not the only way to implement the SDA in the FEM. Recently, the so-called extended finite elementmethod, based on nodal enrichment and the partition of unity concept, has opened a very fruitful way to the modelling of fracture. However, extended finite elements require a greater implementation effort compared to elements with embedded discontinuities. The advantages and disadvantages of both strategies can be found in [50] .
The SDA provides a consistent framework to transform a weak discontinuity, in which the displacement is continuous though the strain is discontinuous at the boundaries of a band of a certain width h, into a strong discontinuity in which displacement is discontinuous at a surface. Thus, the strong discontinuity (displacement jump) is obtained as the limit of a weak discontinuity band when the bandwidth h tends to zero. Hence, the discrete constitutive model for the discontinuity naturally arises, induced by the continuum model. This is an elegant and sound standpoint for the study of shear bands in soils and metals. However, in the fracture of quasi-brittle materials it is simpler and more effective to use a discrete constitutive model that relates the tractions and displacement jumps at the discontinuity line. This approach is used in this study.
A consistent derivation of the finite element with embedded discontinuities can be performed in the frame of the EAS proposed by Simo and Rifai [51] . The strain induced for the displacement jumps are then tackled as additional incompatible modes. A problem of this approach is that, as the additional modes are determined at the element level, the progress of the crack may be locked because of kinematical incompatibility among the cracks in neighbouring elements.
One solution to avoid this problem is to use an algorithm to re-establish the geometric continuity of the crack line across the elements, a procedure known as crack tracking [52] . Most practical implementations use tracking to avoid crack locking. Moreover, some implementations further require establishing exclusion zones defined to avoid the formation of new cracks in the vicinity of existing cracks. These kinds of algorithms cause inconvenience in the implementation of the embedded crack elements in standard finite element programs, and are therefore of greater interest in developing a method that circumvents the need of the crack path enforcement.
This work presents a procedure, based on SDA, which reproduces the fracture process of brick masonry under mixed loading using the cohesive crack approach. The paper seeks to show, by means of simple considerations, how using finite elements with an embedded cohesive crack is an efficient option to model the mixed-mode fracture of a complex material like masonry. In contrast with previous works [45] [46] [47] [48] 50 ,51] the model takes into account the anisotropy of the masonry, and it does not require crack tracking or establishing exclusion zones to avoid crack locking.
With this model as a framework, fracture properties of the entire masonry are independently determined for at least two main directions of masonry by specific tests performed on this material, then being input to numerical simulation, where masonry is treated as a homogeneous material. The result is an anisotropic cohesive fracture model, which can predict the behaviour of the whole masonry without resort to any kind of fitting or tuning procedure.
To check the model, a series of mixed fracture tests, previously developed [26, 27] , on small masonry panels under TPB with non-symmetric loading were selected. As it will be shown later, the model can accurately predict loads and displacement throughout the test records. Tests of masonry panels with different orientations of the bed joints were performed. The adopted experimental work is not intended to be either a small-scale testing or modelling of real masonry walls. With this paper, the authors seek to emphasise that with this new approach, based on the embedded cohesive crack modelling applied to masonry, it is possible to analyse the mixed-mode fracture behaviour of this complex material. It is acknowledged that further work must be carried out to extend this modelling to full-scale masonry structures.
Whereas the following section examines the cohesive crack model, Section 3 studies finite element modelling. Numerical implementation of the model is presented in Section 4. Overview of the selected mixed-mode fracture tests is then presented and discussed in Section 5, with the numerical analysis of these tests being presented in Section 6. Discussion is presented in Section 7. Finally, the conclusions obtained from the model and the experiments are presented in Section 8.
The cohesive crack model
As mentioned above, the meso-scale approach is adopted in this work. Such an approach does not make any distinction between masonry bricks, mortar and joints, averaging the effect of the composite material through the formulation of a fictitious continuous material. This material is homogeneous, anisotropic and shows cohesive behaviour under tensile cracking.
Overview of the cohesive crack model for isotropic materials
The cohesive crack model is generally accepted as a realistic simplification of the fracture of quasi-brittle materials. Such a model was proposed by Hillerborg et al. [53] in the late seventies, based on the pioneering works of Dugdale [54] and Barenblatt [55] , and has been successful in the analysis of the fracture of concrete and concrete-like materials since its proposal, as shown in Ref. [56] . The softening function, a=f(w), is the main ingredient of the cohesive crack model. This function, a material property, relates the stress a acting across the crack faces to the corresponding crack opening w (see Fig. 1 ). In mode I opening, the stress transferred, a, is normal to the crack faces. A detailed study of this model has been published by Bazant and Planas [57] .
Previous works [56, 58] have shown that for most experiments described in the literature, cohesive crack growth takes place under predominantly local mode I, which implies that the overall behaviour is dominated by mode I parameters. Therefore, a simple generalisation of the cohesive crack to mixed mode is used which assumes that the traction vector t transmitted across the crack faces is parallel to the crack displacement vector w (central-forces model). For monotonic loading in which the magnitude of the crack opening vector |w| is never decreasing, the relationship reads [45-47]: t=/(|w|)^ (1) wherej^|w|) is the classical softening function for pure opening mode (Fig. 2 ). To cope with the possibility of unloading, it is further assumed that the cohesive crack unloads to the origin ( Fig. 2 ) and Eq. (1) is rewritten as:
where w is an equivalent crack opening defined as the historical maximum of the magnitude of the crack displacement vector.
Cohesive crack model for masonry
The cohesive crack model has been satisfactorily applied to bricks [59] and brickwork masonry [22, 24, 27] . Nevertheless, on isotropic materials the cohesive crack initiates at the point where the maximum principal stress a/ first reaches the tensile strength/ t , and the crack grows in a normal direction to that of the maximum principal stress. Then, the crack grows predominantly under local mode I. This approach is not valid for anisotropic cohesive materials, such as brick masonry, where the cracking initiation and growth cannot be exclusively expressed in terms of principal stresses, and a failure criterion is also needed. There is large experimental evidence about the dependence of the crack path orientation in brick masonry with the direction of the bed joints [29] . Rankine criterion has been successful used as a cracking criterion for quasi-brittle materials. In this work a generalised Rankine criterion has been adopted. This criterion balances accuracy and simplicity, especially from the point of view of the experimental determination of the mechanical parameters of the brick masonry. Fig. 3 shows a panel of brickwork masonry. Axis 1 and axis 2 show the direction of the bed and head joints of the masonry, respectively. OX and OY are the axes of reference in a numerical simulation. I and II show the principal stress directions, a is the angle between OX axis and 1 direction, fi is the angle between OX axis and I direction. 0 angle measures the rotation between principal stress axis with respect to the principal material axes, and is the addition of the angles a and fi.
The direction at which the crack initiates, given by the angle y relative to 1 direction, is unknown. Such a direction is one that the tensile stress reaches the tensile strength. It is worth noting that whereas in an isotropic material the direction when the crack initiates is given by the maximum principal stress, in anisotropic material there could be another direction in which the tensile stress reaches the strength of the material.
To complete the generalised Rankine criterion it would be of interest to measure the tensile strength of the masonry in different directions, which is quite difficult to carry out in practice. For the sake of simplicity, in this work the material is characterised in two representative directions; for example in their principal directions, and then a function of angle y is adopted to evaluate the strength in the intermediate directions. To avoid possible convergence problems caused by kink points a sinusoidal curve has been adopted (see Fig. 4 ). So, the tensile strength is expressed as:
/ t (y)=^+^cos(2y) (3)
Due to the symmetry of the brickwork masonry, this function is symmetrical with respect to axis 1, and has a period of n.
In accordance with Eq. (2), the tensile strength f t (y) evolves with the softening parameter w, from the initial tensile strength until zero, when the masonry is completely broken. The difference with isotropic material is the dependence of the tensile strength with angle y. The stress state at any point of the masonry, in a 2D analysis, is given by the stress tensor a. The normal stress to an arbitrary direction, which forms an angle y with the bed joints, may be expressed as:
The crack initiates (or grows) in this direction (angle y with bed joints) if a y reaches the actual tensile strength in the normal direction to this one, expressed as:
Eq. (5) is a necessary condition, though inadequate given that these two curves, a 7 andf t (y), must intersect in one point. Consequently, as they also have to be tangent at this point, the following additional condition is imposed:
Finite element modelling
This section provides the modelling to describe the masonry cracking in 2D. For this purpose the crack is numerically implemented as a discontinuity embedded in a classical FE. The modelling is mainly based on the authors' proposal for concrete [45] [46] [47] .
Overview of the FE formulation
Let be an arbitrary classical finite element defined by a node layout as shown in Fig. 5a . Assume that a straight crack is embedded in it. Take one of the faces of the crack as the reference and its normal n pointing towards the other face as the positive normal. Let w be the displacement jump across the crack of the opposite side of the crack with respect to the reference side (see Fig. 5b ). The crack splits the element in two sub-domains A* and A~. Following the SDA (e.g., [60] ), the approximated displacement field within the element can be written as:
where a is the element node index, N a (x) the traditional shape function for node a, u a the corresponding nodal displacement, H(x) the Heavisidejump function across the crack plane (i.e., H(x) = 0 for x € A~, H(x) = 1 forxe A 1 "), andN + (x) = ^2 a(iA +N a {x). The strain tensor is obtained from the displacement field as a continuous part E C plus a Dirac's <5 function on the crack line. The continuous part, which determines the stress field on the element on both sides of the crack, is given by
where E" and b + are given by
with b a (x) = grad N"(x) and superscript s indicating a symmetric part of a tensor. Obviously, E" is the apparent strain tensor of the element computed from the nodal displacements.
Crack tractions
Along the cohesive crack line, the jump vector w and the traction vector t are to be related by Eq. (2) element, however, we must deal with approximate tractions and crack jump vectors, and there is not a single way to determine the relationship between the approximate stress field and the tractions. To simplify the reasoning, we approximate the traction field along the crack line by a constant traction t. The determination of t is approximate, and can be carried out in two different ways: (1) as an average along the crack line of the local traction vector a • n, or (2) by forcing the global equilibrium of either A* or A~ (which is equivalent, in this case, to using the principle of virtual work). The corresponding equations read:
(12) i-J A in which the stress tensor is that corresponding to the classical finite element approximation based on the continuous strain in Eq. (8). In general, the two equations do not coincide, as shown below for constant strain triangles with an embedded crack.
The constant strain triangular finite element
In this work, the simplest finite element has been selected. If a constant strain triangle with a strong discontinuity line (crack) is considered, such as that shown in Fig. 6a , and the positive normal pointing towards the solitary node is selected, then it can be shown that b + =ln+ (13) where h is the height of the triangle over the side opposite to the solitary node and n + the unit normal to that side. With this, and the fact that the stresses are uniform, Eqs. (11) and (12) (15) where A is the area of the element and L the length of the crack. This shows that for local and global equilibrium to hold, it is required that n + = nand hL =A. As a result of this, the following two conditions are imposed: (1) the discontinuity (crack) line being parallel to one of the sides of the triangle, and (2) the discontinuity line being located at mid height. Thus the potential crack lines satisfying both local and global equilibrium are those indicated by dashed lines in Fig. 6b .
In our approach the local equilibrium Eq. (14) is used in conjunction with the strain approximant (8). This leads to a nonsymmetric formulation (SKON, according to Jirasek's nomenclature [49] ). If Eq. (15) is imposed, then a symmetric formulation is obtained (Jirasek's KOS formulations [49] ). Note, however, that both formulations tend to coincide when the crack runs parallel to one side of the element and at mid height (not through the centroid).
Numerical implementation
To simplify the computations, the bulk behaviour (material outside the crack) is assumed to be linear-elastic and anisotropic, although this approximation can be relaxed if necessary (e.g., [26] ). The crack displacement vector wis handled as two internal degrees of freedom which are solved at the level of the crack within the finite element (assumed to be a constant strain triangle). 
Basic equations
One of the main tasks of the implementation is to compute the stress tensor in the element, which follows an algorithm similar to plasticity, since the stress tensor is given, from Eq. (8) and the hypothesis of elastic bulk material behaviour, as
where E is the tensor of elastic moduli. Before computing the result of the stress, the crack displacement must be solved. The corresponding equation is obtained by substituting the foregoing expression for the stress into Eq. (14) and the result into the cohesive crack Eq. (2) . The resulting condition is
which can be rewritten as
or else r/(w) 1 
where 1 is the second-order unit tensor. This equation is solved for w using Newton Raphson's method given the nodal displacements (and so E") once the crack is formed and thus n and b + are also given. It is worth noting that E and/(w) depend on the direction (angle y).
One of the key points in the proposed method is how the crack is introduced in the element, i.e., how n and b + are determined.
Crack initiation
Initially, w = 0 in the element, and n and b + are undefined. Thus, the element loads elastically and a = E:E" until the tensile stress reaches tensile strength in a particular direction, as has been above exposed in Section 2.2. Then a crack is introduced perpendicular to the direction of the tensile stress that reached the tensile strength, and n is computed as a unit eigenvector in the direction of y.
Next, the solitary node and the vector b + are determined by requiring the angle between n and b + to be the smallest possible (see Fig. 6 ). This is based on the fact that the tensor n • E • b + , and therefore the tangent stiffness matrix, is well conditioned when n and b + tend to be parallel. In this way, the pathological situations with n • E • b + almost orthogonal are automatically avoided. For a constant strain triangle finite element, and given the direction of cracking, there are only three different modes of separating the nodes in two subelements. This is algorithmically achieved by looping over the three possible vectors b + and looking for the one satisfying
Crack adaptation
The foregoing procedure is carried out at the element level, and is strictly local: no crack continuity is enforced or crack exclusion zone defined. This leads in many circumstances to locking after a certain crack growth. Such locking seems to be due to a bad prediction of the cracking direction in the element ahead of the pre-existing crack, as sketched in Fig. 7 . To overcome this problem without introducing global algorithms (crack tracking and exclusion zones), we merely introduce a certain amount of crack adaptability within each element. The rationale behind the method is that the estimation of the principal directions in a triangular element is especially bad at crack initiation due to the high stress gradients in the crack tip zone where the new cracked element is usually located; after the crack grows further, the estimation of the principal stress directions ordinarily improves substantially. Therefore, we allow the crack to adapt itself to the later variations in principal stress direction while its opening is small. This crack adaptation is implemented very easily by stating that while the equivalent crack opening at any particular element is less than a threshold value w th , the crack direction is recomputed at each step as if the crack were freshly created. After w > w th , no further adaptation is allowed and the crack direction becomes fixed.
Threshold values must be related to the softening properties of the material, and values of the order of 0.1-0.2G f // t are usually satisfactory. Here, G F is the fracture energy and/ t the tensile strength. Until an in-depth parametric study is carried out, this is an orientative value to be taken as a starting point for analysis, since the dependence on the threshold may be dependent on the geometry and material properties. This simple expedient has proved to be extremely effective as shown in the examples presented next, and bears some resemblance with other approaches used to avoid crack locking. 
Overview of the experimental programme

Materials and specimens
To check the model, a series of mixed fracture tests were performed [61 ] on small masonry panels under TPB configuration with non-symmetric loading (Fig. 8) . This test configuration has been successful for mixed-mode fracture of concrete and mortar [62, 63] .
This experimental programme is not intended to be a small-scale modelling of real masonry walls. The aim of using scaled specimens is to capture the essentials of the mixed-mode fracture of masonry while maintaining a reasonable experimental cost. This methodology, an alternative to full-scale testing, has been widely used in masonry research since the mid-1950s, and is helpful in understanding the interaction between bricks and mortar joints [22] . A scale factor of 1/ 4 was chosen, both to avoid difficulties in modelling the joint thickness, and to have a representative number of brick units in masonry specimens. Only geometric similitude requirements were considered, and the micro-mortar and the solid brick units used in this work were not intended to represent a real mortar, nor real brick units, as explained earlier.
Small-scale bricks of 48 x 24 x 10 mm 3 were cut from commercial solid clay bricks. Prismatic notched specimens of 240 x 57.5 x 37 mm 3 , with a notch to depth ratio of 0.5, for fracture tests were sawn. See [26, 61] for further details. The mortar used for masonry was both designed to meet similitude requirements and assure a workable mix. It was composed of Portland cement CEM I 42.5 N (ASTM Type I) and siliceous sand of 1 mm maximum size, compatible with the scaled-down thickness of the joints of 3 mm. The grading of the sand complied with ASTM C-144 Standard. To improve the mechanical performance of the mortar, silica fume was added (13% of cement weight). Finally, superplasticiser was added to the mortar (3% of the cement and fume silica weight) to make the filling of the joints easier.
Prismatic specimens of 337.5 x 75 x 26.5 mm 3 were cast to characterise the mortar. Beams with a vertical joint between mortar and brick in the middle of the span were also cast to characterise the fracture and mechanical behaviour of the interface brick-mortar. Details may be also found in Refs. [26, 61] .
Masonry panels were manufactured with the mortar and the small-scale units described above. Panels with three orientations of the bed joints (0°, 45° and 90°) and size of 675 x 150 x 26.5 mm 3 were cast. The specimens were cast horizontally in prismatic ground steel moulds; small-scale bricks had been previously immersed in lime saturated water at 20 °C for 24 h. Then, the bricks were carefully fixed in the mould and the fresh mortar was poured over the matrix of bricks. The thickness of the joints was 3 mm. The specimens remained in the moulds 48 h, covered with saturated sacking at room temperature. They were later taken to a curing room and left there at 20 °C and 98% relative humidity until testing. The panels were notched in the middle of the span, with a notch to depth ratio of 0.5, before testing. In all cases the tip of the notch was inside a brick unit. 
The characterisation tests
Characterisation fracture tests were performed on mortar, bricks and interface brick-mortar. Table 1 shows fracture energy and the tensile strength of them. Recommendations of RILEM 50-FMC [64] were adapted to these materials. See Refs. [26, 61] for details.
The meso-scale approach was adopted for numerical modelling. As previously explained, this approach does not make any distinction between units and mortar, averaging the effect of the composite material through a fictitious continuous material. TPB fracture tests were performed following the RILEM 50-FMC [64] to obtain the fracture energy of the brickwork masonry for three orientations of the joints (0°, 45° and 90°). The values of the longitudinal deformation modulus and traction strength were indirectly obtained from this test. Table 2 summarises the results.
Mixed-mode fracture tests
The tests were carried out on the prismatic masonry panels described above, under TPB configuration. To induce mixed mode loading conditions, the test was performed under non-symmetric boundary conditions, as shown in Fig. 8 . Twelve masonry panels of four orientations of the joints (0°, ±45° and 90°), were tested.
The masonry beams rested on two rigid steel cylinders laid on two ground supports, which allowed free rotation out of the plane of the beam and guarantee negligible friction rolling in the longitudinal direction of the beam. During the test, applied load, load-point displacement and CMOD were continuously recorded. The tests were performed in CMOD control, at a rate of 0.04 mm/min. Further details may be found elsewhere [26] .
Numerical analysis of the mixed mode loading tests
The described model has been introduced in the commercial finite element program ABAQUS© [65] by means of a user subroutine for material (UMAT). An auxiliary external file containing the nodal coordinates and mesh connectivity is also used. This file would not be needed if the model were implemented as a user element, in a UEL subroutine. Nevertheless, the use of a UMAT subroutine avoids the formulation of the whole finite element (v. gr. shape functions) since this is automatically made by the program. No special difficulties were found in achieving a convergent solution. The independence of the finite element mesh (structured/unstructured and coarse/fine) was previously studied for the isotropic model [46] .
The presented numerical procedure is used to reproduce the experimental results. Fig. 9 shows the deformed finite element meshes used to study the mixed-mode fracture of the brickwork masonry panels with the four orientations of the bed joints. Fig. 10 shows the experimental and the numerical prediction of the crack paths for the specimens with the four orientations of the bed joints. The numerical prediction is a sufficiently accurate approximation of the crack path. In this sense, it is noticeable that masonry exhibits a wider experimental scatter than other quasi-brittle materials such as mortar and concrete.
Figs. 11 and 12 compare the envelope of the experimental records load versus CMOD and load versus displacement of the application point of the load for specimens and different orientations of bed joints, with the numerical prediction.
Discussion
The numerical cohesive crack model proposed, based on the embedded strong discontinuity approach, accurately predicts the crack path and the experimental records load versus CMOD and displacement of the application point of the load for the specimens with different orientations of the bed joints. In contrast with previous works [24, 27] , based on the discrete crack approach, the proposed model supplies the advantage that does not require us to know the crack path for the implementation of the cohesive model. The model is an extension to anisotropic materials of the embedded cohesive crack model developed by the authors [45] [46] [47] for mixed-mode fracture of concrete and mortar (isotropic material). The model properly predicts the peak load of the experimental records (see Figs. 11 and 12) . Nevertheless, since the masonry is more brittle than concrete or mortar, the descending branch of the experimental records of load versus CMOD and displacement of the application point of the load is not simulated until the end of the curve. The model simulates the complete curve of the concrete and mortar tests [45, 47] . These problems of convergence are more marked with the most brittle specimens of brick masonry, specimens with bed joints at 45° and 90°, in which the experimental descending branch of the curve is more vertical and even shows snap-back. But in all cases, the peak load and significant part of the descending branch is properly predicted, enough for engineering purposes.
From the experimental point of view, the interface brick-mortar was shown as the weakest part of the masonry. The highest failure load was reached on the specimens whose orientation of the brick layers was so that the crack cut bricks and joins. The lowest failure load was reached when the crack run by the interface brick-mortar (see Refs. [26, 27, 61] for details). This experimental behaviour is clearly reproduced by the numerical model.
It is worth noting that the parameters needed by the proposed model are measured by means of standardized tests, different of the simulated tests, and the prediction is reached without any kind of fitting or tuning procedure. The experimental work adopted for the model checking is not intended to be small-scale testing. Further more work must be carried out to extend this modelling to full-scale masonry structures.
Final remarks and conclusions
A numerical model, based on the embedded strong discontinuities approach, is proposed to model the mixed-mode fracture of masonry and quasi-brittle anisotropic materials. As in previous works [45] [46] [47] , based on this approach, the deformation is localised on a line using the concept of the cohesive crack, and the discrete constitutive relation for mixed-mode fracture is a cohesive crack with a central-force model. The model extends previous works [45] [46] [47] [48] 50, 51] to an anisotropic material, the masonry, and it avoids crack tracking [52, 60] or exclusion zones for crack growing.
A triangular constant strain finite element is formulated and implemented in the commercial standard code ABAQJJS© [65] . The algorithm used to obtain the crack displacement vector can be formulated at the crack level and therefore the static condensation of the stiffness matrix at the element level is avoided. The choice of the solitary node is made in a way that leads to the automatic propagation of the crack without tracking algorithm or exclusion zones. The stress locking effects are solved by letting the embedded crack in the finite element to adapt itself to the stress field while the crack opening does not exceed a small threshold value. A generalised Rankine criterion is adopted to take into account the anisotropy of the quasi-brittle materials.
A series of mixed-mode fracture tests on small masonry panels, with different inclinations of the bed joints, under nonsymmetric TPB, were adopted for checking the model. The objective was not to be a small-scale modelling of real masonry walls. Extension of these results to full-scale masonry structures requires additional work. The numerical model correctly predicts the experimental results.
The proposed model procedure reaches a balance between accuracy and simplicity, and provides a helpful tool in predicting the fracture of large masonry structural elements when a single macro-crack, or finite number of them, is the main failure mechanism. The presented model does not include distributed cracking or damage in the structure and applies in the case of a macro-crack occurring, but this approximation can be relaxed if necessary [26] .
The presented numerical model and the experimental results emphasise that the cohesive crack models, taking into account the anisotropy of the masonry, are promising tools in the simulation of the mixed-mode fracture of the masonry in large structural elements. For engineering purposes, the averaging of the masonry properties provides sufficiently precise data for cohesive modelling. For small masonry elements, a more detailed analysis of fracture micro-mechanisms, especially interface brick-mortar interaction, is required.
The numerical simulations show that the foregoing combination of simple ingredients leads to a method in which the cohesive crack automatically propagates without the need for a tracking algorithm or exclusion zones. Hence, the embedded cohesive crack approach turns out to be yet an effective and simpler alternative to other more sophisticated methods for the simulation of concrete damage and fracture.
